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Abstract

We present a general setting in which the formula describing the linear response
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apply our results to expanding circle maps. In particular, we present examples
where we compute, up to a pre-specified error in the L°*-norm, the response
of expanding circle maps under stochastic and deterministic perturbations.
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1. Introduction

A question of central interest from both theoretical and applied points of view in dynamical
systems is the following: given a deterministic dynamical system that admits a Sinai—Ruelle—
Bowen (SRB) measure, how does the SRB measure change if the original system gets per-
turbed, perhaps randomly? It is known that in certain situations the SRB measure changes
smoothly and a formula of such a ‘derivative’ can be obtained [8, 10, 14, 25, 27, 41]. This
is called the Linear Response formula. We refer to [9] for a recent survey about this area of
research and to the most recent articles on linear response for intermittent maps [5, 11, 29].
From a rigorous computational point of view there are no results in the literature that approxi-
mate the response of an SRB measure up to a pre-specified error in a suitable topology.

Our goal in this paper is to pioneer this direction of research and to provide tools to investigate
the changes in the statistical properties of families of systems. Applications may range from the
identification of tipping points in the statistical behavior of systems studied in applications, such
as the ones considered in [33], to checking whether a family of systems has decreasing or increas-
ing entropy, see for example the problems considered in [12] and their relation to number theory.

Our computational approach is based on finding a suitable finite rank approximation of
the transfer operator associated with the original system. Such techniques have proved to be
computationally robust and to be successful when approximating SRB measures of uniformly
expanding systems [2, 20, 30, 34], (piecewise) uniformly hyperbolic systems [15, 22], and
one-dimensional non-uniformly expanding maps [3, 20, 35]. It has also proved to be a suc-
cessful approach in approximating spectral data [1, 13, 16, 17, 21, 30] and limiting distribu-
tions of dynamical systems [4].

In this paper we show that suitable discretization schemes can be used to approximate lin-
ear response. The problem that we face in our rigorous approximation is two-fold. The first is
functional analytic. In particular, we need to find suitable discretization schemes that preserve
the regularity of the function space(s) where the transfer operator acts, and which can approxi-
mate the original transfer operator. The second is computational. In particular, the computa-
tional approach should be amenable to tracking all the round-off errors made by the computer.

In section 2 we present a general setting in which the formula corresponding to the linear
response can be obtained. In this section we also show how the formula of such derivative can
be rigorously computed using a computer. In section 3 we show how the algorithm can be imple-
mented in the case of circle expanding maps. In particular we find suitable discretization schemes
and suitable Banach spaces achieving the goal for such maps. In section 4 we apply our results to
stochastic perturbations of expanding circle maps and we present an example where we compute,
up to a pre-specified error in the C° topology, the linear response of an expanding circle map
under stochastic perturbations. In section 5 we apply our results to a deterministic perturbation of
an expanding circle map. In this example the exact response can be computed analytically. Thus,
a comparison between the exact response and the computed one can be done. In appendix A we
present an example where we compute, up to a pre-specified error in the L!-norm, the response
of the intermittent family at the boundary; i.e. when the unperturbed system is the doubling map.
Appendix B includes proofs and tools used in the computations in the examples of sections 4 and 5.

2. A general framework for the linear response

Let X be a compact manifold with boundary. X is the space on which we consider certain
dynamics that we are going to slightly perturb and study the change of stationary measures after
perturbation. The dynamics is described by the action of some positive transfer operator acting
on some space of regular Borel measures on X. In this section we present a general setting in
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which the formula corresponding to the derivative of a fixed point* of a family of such positive
operators L, can be obtained>. We consider the action of the operators on three Banach spaces
B,; C B; C B,, which are subsets of the space of finite signed Borel measures on X and equipped
withnorms || - [|,, || - |ls || - |55 respectively, such that || - ||, < || - [|s < || - ||ss- We suppose that
L, € > 0, maps probability measures to probability measures and has a unique fixed point,
which is a probability measure, h. € By,. Let L := Lo be the unperturbed operator and & € By,
be its fixed probability measure. Let V0 = {v € B,v(X) =0}, V2 = {v € B,,,v(X) = 0}.
We assume that V0 is closed in B.

The following proposition is essentially proved in [31]. Since we adapted the assumptions
to a general setting we include a proof.

Proposition 2.1. Suppose that the following assumptions hold:

(1) The norms || ¥ ||, 5, and || L¥||s, 5, are uniformly bounded with respect to k and € > 0.
(2) L is a perturbation of L in the following sense

||LE — £||BS—>BW < Ce. (21)

(3) The operators L., € > 0, have uniform rate of contraction on V°: there are C; > 0,
0 < p < 1, such that

|1 Lellvop, < C1p". (2.2)

(4) There is an operator L : By — By such that

. -1 _ _p —

ll_r)r(l)”e (Le — L)h— Lh||; =0. (2.3)
Let

h=(1d—L)~'Lh.

Then
lim ||~ (he — h) — hl|,, = 0;
e—0

ie. h represents the derivative of h. with respect to €.

Proof. Notice that since V? is closed in By and our operators preserve probability measures,
then £h € V0. Recall that h, = Lh.. We have

(Id - ['e)(he - h) = (‘Ce - [’)h

and since h = (Id — £)~'£h, we obtain
lim ||~ (he — h) — h|),, = lim || (Id — £) (L — L)h — (1d — L)' LA\,
e—0 e—0

<lim ||(Id — L) e (Le — L)h — L],

e—0
+ lim [|(1d — L)Lh—(1d = £)7"Lhl|,
e—
= (1) + (). (24

#In applications to dynamical systems, such a fixed point corresponds to the density of an absolutely continuous
invariant measure, or in general to a physical invariant measure.

5 The differentiation is done with respect to the variable € in a suitable norm. This will be clear in the statement of
proposition 2.1 below.
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Notice that by assumption (3), [|(Id — L)~ "lyo_,p, are uniformly bounded. Moreover, since
lime_o ||~ (Lc — £)h — Lh||; = 0, we obtain

(1) = lim | (1d = £0) ™'~ (Le = L) = LA,y = 0.

Now we consider (/). By assumption (3), on the space V2, (Id — L)™' = >°0° L£¥. Notice
that by assumptions (2) and (3) we have:

k—1
1€~ LEllvposre < SOIELLe = L)L gy
j=0
Sup HUIIWZ 1(Le = L)L yosv

k—1
CesupIIE’IIWZIIC" lve
j=0
. 1 — ok
< Cesup | 2], Cr—-.
J

1—

Consequently,

|(d — £)~'Lh — (d — £)~ ' Lh]|,,

LRI LS = Léllvo e + Y (L vovy + L8N vove)]
= 1

!

— 1

L o) —1.
—p 1—p

R Lol
< [£hlls[Clesup [I£Z] C1 5

Choosing I = [|log €|]implies
(11) = lim (1d - L)' Lh—(1d— L)Lk, = 0.
e—

Hence, lim, ¢ ||~ (ke — h) — h]|,, = 0. .

The function & — Lh depends on the kind of perturbation we consider (deterministic, sto-
chastic, etc). In the following, we suppose that Lh is computable with a small error in the B,,
norm. Then we show that this leads to the rigorous computation of h in the B,, norm. The
computation will be performed by approximating £ with a finite rank operator £,, which can
be implemented on a computer. Let us consider a finite rank discretization

IL, : By — W,,
where W,, C B, is a finite dimensional space of measures, such that for f € By,
lim (11, ~ 1) £ = 0.
The operator £,, is defined as
L, =11, LIL,.
Let us denote by f;, € V? a family of approximations of Lh in the weak norm || - ||,,.
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Theorem 2.2. Suppose that L satisfies the assumptions in proposition 2.1 and.:

(1) | f3lls are uniformly bounded and || f,, — Lh||,, — 0.
n—0
(2) L,y is an approximation of L in the following sense
Hﬁn - < COn.
(3) 3C > 0 such that for any n > 1 and n > 0 we have || L}||s < C.

w

Then, for any T > 0, there are 1 > 0 and I* € N such that

I*—1

|(Id — £)"Lh — chfnnw <7

Proof. Notice that (Id — E)*lﬁh is well defined since Lh is of zero average. We have

-1 " —1k—

STk - £ fll < ZZHE’ (L~ L)Ly

k=0 k=0 j=
*—1k—1

<MY Y L = L)Ly Tyl

k=0 j=0
r'—1k-1
<ML = Lol Y D LS s, 2.5)
k=0 j=0
where M = sup, we obtain

-1 -1

|(ld — £)~"Lh — Zﬁkfnllw—IIZﬂ‘ﬁh > Lk fallw

k=0 k=0 k=0
" —1 " —1
< IS L+ | > =3 Ll
k=I*
I*—1 I —1 )
< Zﬁkﬁhnw + Z (L5 = L8) follw + DL LR —f)
k=I* k=0

I"—1k—1

IIZE"UlIIw+MH(ﬁ Lollzss, Y D ILT s

k=1* k=0 j=0
+ M I Lh = fy]|- (2.6)

Now, choose /* big enough so that || 352 . £L¥Lh|,, < 5. Since for each 7 [|L5~17f, |, are
uniformly bounded, by assumptions (2) and (3) we can choose 7 small enough such that

*—1k—1

i w1 A T
M|(L = Loy)lls—n, - YD NET hylls + M E|Lh— £yl < 5 (2.7)
k=0 j=0
O
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Remark 2.3. For computational purposes it is important to have an algorithm to find suit-
able [* and 7). Let us comment on each summand in equation (2.6):

(1) The firstsummandof (2.6), [ >".2 . LECh ||l,»canbe estimated by (2.2). However, itisenough
to have an estimation on the weak norm. In appendix B.7 we will see how to find in systems
satisfying a Lasota—Yorke inequality, constants Cs, p3 such that: ||£k/thW < Cipk || Lhs.
Once the constants are found, we can bound || 352 . LX£h]|,, < C”’fiwf”s and find a suit-

able [* to make this summand as small as wanted.
(2) For the second summand of (2.6)

" —1k—1

S S

k=0 j=0

MI|(£ = Ly)

we need an estimate on M which can be recovered by a Lasota—Yorke inequality (see
proposition 3.2 ). |[(£ — L,)
The summands [|£},~'~/f, || can be approximated by the fact that £y, is of finite rank; i.c.
by computing the matrix representing it. ||£k’1’jf77 |Is will be estimated by the computer.

(3) For M I*||Lh — f, |,y of (2.6), we have to find a suitable approximation of £h such that
||£h — fy |l is as small as wanted. Note that this depends on the properties of £ and
consequently on the kind of perturbations £, that we consider.

In the following we will discuss in details how the above results can be applied to C*
expanding maps of the circle. We also present examples on how the algorithm outlined in the-
orem 2.2 and remark 2.3 can be implemented in this setting. The concrete implementation of
the above ideas to expanding maps of the circle involves spaces of measures having a smooth
density. The general framework extends to more general classes of hyperbolic systems, pro-
vided a suitable functional analytic framework is considered (see [6] for a recent survey on
suitable spaces to be considered for hyperbolic systems). The implementation to such systems
is out of the scope of the current paper.

3. Circle expanding maps and smooth discretizations

Theorem 2.2 and remark 2.3 outline an algorithm for the computation of the linear response.

(1) First we have to find suitable f,, approximating Lh in the weak norm.

(2) Then we can use a suitable discretization £, of the transfer operator (well approximating
it as an operator from B, to 3,,) for the computation of [* as in Item (1) of remark 2.3.

(3) Once found the suitable /* we compute the result of our approximation procedure as

-1

happr = > L1 .
i=0

If f,,, Ly, I* are well chosen, theorem 2.2 ensures that izappr is a good approximation of hin
the weak norm and by remark 2.3 we can explicitly bound the approximation error. In this sec-
tion we describe suitable functional spaces and a good approximation L,, for the transfer oper-
ator for expanding circle maps. This gives us an approximation of the linear response in L°°.
The approximation f;, of Lh depends on the kind of perturbation considered. In the following
sections we will discuss two specific kinds of perturbations: deterministic and stochastic ones.
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Let us consider the space (T, B, m) where T is the unit circle, B is Borel o-algebra and
m is Lebesgue measure on T. Let T : T — T be a C* uniformly expanding circle map; i.e.
infyer |DyT| > 1. Let

A= l/chIel’Jfr|DxT|'

Without loss of generality we assume that 7 is orientation preserving. The circle map 7 it is
naturally associated to an expanding map [0, 1] — [0, 1] which will be still denoted by 7. We
will consider different perturbations of the transfer operator associated to this kind of maps
and apply theorem 2.2 to compute the linear response 4. We will consider the action of the
transfer operator on the function spaces B,, = C°([0, 1]), By = C'([0, 1]) and By, = C2([0, 1]).
We equip the C¥ spaces, k = 0, 1,2, with the usual norms || f||cx = dick £ D] so-

It is known that such an expanding map has a C? invariant density and there is an explicit

formula for the action of the transfer operator associated with 7 on probability densities (also
called Perron-Frobenius operator, see [7]) £ : C°([0,1]) — €°(]0, 1])

Lfx) =) ;,((yy)) : 3.1)

yET—1x

The reason behind working on the closed interval rather than the unit circle is that there are
some advantages in the computer implementation of the discretization (the implementation
on [0, 1]is easier and cleaner than the implementation on the circle). We can also consider our
function spaces as spaces of smooth functions on the circle allowing discontinuities at 0. In the
following when there is no ambiguity we will denote these spaces by C°, C!, C.

3.1. Basic properties of the transfer operator

We will need some additional information on the action of the transfer operator on the space
C?(]0, 1)) to understand better the properties of its invariant density. Let

J(f) = £ (1) = (0)].

Notice that CO(T) is the set of functions fin C°([0, 1]) such that J(f) = 0. In the next lemma
we are going to prove that, indeed, the fixed point of £ is in C°(T).

Lemma 3.1. We have

(1) L preserves C([0,1]), k € {1,2};

(2) J(Lf) < M(f),
(3) if his a fixed point of L in C'([0,1]), then J(h) = 0.

Proof. We suppose T(0) = 0, by the regularity of 7 and the form of the operator follows
that £ preserves C¥([0, 1]).

To prove the second statement, let us denote by d; the preimages of 0 that are contained
inside the interval (0, 1). By continuity of 7 on (0, 1) we have

£1(0) ~ £(1) = s (F0) —p (1) + 3 £ 57 L)
If Lh = hthen J(h) < AJ(h). Since A < 1 this implies item 3. O
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Before introducing our discretization scheme, we state Lasota—Yorke inequalities for £
when acting on C'([0, 1]), C([0, 1]). Since these inequalities will be used in the computer
implementation, we also give estimates for the constants involved. For the proof of proposi-
tion 3.2, see appendix B.2.

Proposition 3.2.
(1) Let M := sup,, || L"||pe — . Then

M<L 1+ B
X 17)\3

where \ := (infier |D,T|) ™! < Land B = ||T" /(T"?)]| co-
(2) For f € C'([0,1]) we have

I£fller < AMI|fller + M2]| |-
(3) For f € C*([0,1]) we have

1£f ez < XM fllc2 + D fllcr-

where

2
D =AM + M?* + 3max{l,

’ T/I

(1)?

The above inequalities, along with the properties of the system, imply that £ has a spectral
gap on C!([0, 1]) and on C?([0, 1]). Moreover, 1 is a simple dominant eigenvalue. In particular,
this implies that 7 admits a unique invariant density 4 in C*([0, 1]) and the system (7, T, u),
where i := h - m, is mixing (see [18] for an elementary proof of this).

o

o

3.2. A finite rank approximation of L as an operator from C' — C°

To compute the rate of convergence to equilibrium and the linear response we introduce a
finite rank approximations of £ which will be called L,,.
We start by defining a suitable partition of unity. Let us consider the partition of unity
{¢i}I, defined in the following way: fori = 0,...,m,leta; = i/m.Fori =0, ..., m set
¢i(x) = ¢(m - x — i), (3.2)
where
1 -3 -2 xe[-1,0]
p(x) =S 1-32+2 xel0,1] . (3.3)
0 otherwise

Note that for i = 0 and i = m, the bump function is restricted to half of its support. Also
note that ¢;(a;) = d; (where d; = 1 if i = j, 0 in all the other cases) and that ||¢;|oc = 1,

6i(0)lloo = 3m/2, 37, ¢i(x) = 1.

Remark 3.3. There are reasons why this choice of ¢ is sensible for our line of work: com-
puting the value of a cubic polynomial is fast by using Horner’s scheme, and rigorous bounds

1080



Nonlinearity 31 (2018) 1073 W Bahsoun et al

are implemented via interval arithmetics [44]. The same is true for the derivatives of the ¢;
defined above®.
To ensure that our discretization preserves integrals, we use an auxiliary function x(x):

K(x) = 6x(1 — x),
k' (x)||oc = 6. Moreover, fol k(x)dx = 1.

by direct computation ||k (x)|l.c = 3/2,
Set ) := 1/m and define

IL,(f)(x) == Y _fl@) - &ix) + </01fdm - zm:f(ai)/ol ¢idm>'f(x)~
i i=0

We set
L, =1L, L11,. (3.4)
‘We now prove properties of II,, that will be used to verify the assumptions of theorem 2.2.

Lemma 3.4. For f € C'([0,1]), we have

(D) Iy flloo < 4lflloos
(2) |y fllos < M1 lloo + 3117 looms
)AL 1) Moo < G 46 f'loor

Proof. The following approximation inequality holds:

F(x) = > fla)di(x)] = IZ(f(x) —f(ai))di(x)]
= IZf’(&)(x = ai)$i ()| < [1f lloom. (3.5

This implies that
1 m 1
‘ /0 fdm =" fa) /0 @dm‘ <If oo (3.6)
i=0

By (3.6), we have

n

Ly lloo < max | > f(a)di(x)] + | /f(X) = fladix)dx - [[5(x)]os
i=0

x€[0,1] Py

I lel a1+ 51 [ 100 = S sta)swasl @)
i i=0

% An alternative approach would be to choose a smooth bump function

ox) = {e"‘”' <1

0 x| >1°

and build a partition of unity by rescaling and translating this function, but the implementation of this approach is
more delicate since the derivative of ¢ cannot be implemented in a naive way and the sum of two functions

dlm-x—i)+om-x—(i+1))#1
for x € [a,',d,ur]].
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which implies (1) and (2) of the lemma. We now prove (3). First, since the {¢;}/ is a parti-
tion of unity, we have

> dix) =0.
i=0

Therefore,
m/2 n
1T ) [loo < D flaz) —flaz41) ()] + | /f(X) = fla)gi(x)dx| - |15 (x) oo
Jj=0 i=0
< S =L gy < (5 4 60) 17 68)

Thus, (3) follows from (3.7), (3.8). Also note that (4) of the lemma follows from (3.5) and
(3.6). O

Remark 3.5. By Item (4) of lemma 3.4, assumption (2) of theorem 2.2 is satisfied. By
the Lasota—Yorke inequalities’ given in proposition 3.2, £ and £, satisfy assumption (3) of
theorem 2.2.

4. Response for a stochastic perturbation

In this section we consider stochastic perturbations of the expanding maps described in the
previous section. At each step we add a small random perturbation distributed with a certain
probability density j. We describe the analytic estimates which are necessary to apply our
algorithm in that case and show the result of an actual implementation, where we compute
the response for the stochastic perturbation of an expanding map. In particular we show the
existence and the structure of the operator L for this case. We use Var(-) to denote the one
dimensional variation of a function.

4.1. A stochastic perturbation

For f € C°([0,1]) let K. denote the operator defined as:

Kef () = / (e (= ) F )y,

where j € C*°(R,R*), supp(j) C [-1/2,1/2]and [ j(y)dy = L.
Lemma 4.1 (Properties of K.).
(1) For f € C*, k € {0,1,2}
Var(Kof) < Var(f),  [[Kefllcx < [
(2) for f € C!
1Kef = flloo < €llfllers

7 See also the appendix B for a proof of a uniform Lasota—Yorke inequality of £ and £, on C'.
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(3) for f € C?

IKf = fller < €llfllce

Proof. The first assertion is a standard property of convolution.
For (2), we have

K ) =70 = | [ e =3 0) ~ )] < el
Since the support of j is contained in [—1/2, 1/2]. To prove (3), observe that

S =) = = e (e =),
Therefore,

(K () —f' ()] = | /T (e (- y))a%f(y)dy el

Using integration by parts and the compactness of the support of j, we obtain:
(Kef ()" = ' ()] < €l £ ]| o 0

We now define the (average) transfer operator relative to the stochastic system with size €
noise by setting

L.:=K.L, 4.1

where L is the transfer operator for the map without noise defined in (3.1). Below we find the
response of stochastic perturbation (4.1) when € is small. We start by finding the formula of
the corresponding operator L.

Proposition 4.2. Let L. be as in (4.1). Set y := [ j(€)¢d€. Forany f € C?

lim [ (£.(f) — £¢)) — 1Lf) ler = 0. 42)

e—0 €

In particular,

Lf = ~(Lf)'.

Proof. Notice that 1 (L.(f) — L(f)) = 1 (Kc — 1d)(Lf) and recall that for any f € C* we
have L£f € C?. Therefore, it is sufficient to prove that, for every f € C2, é(K6 —Id) f conv-
erges to yf’ in the C! norm as € — 0 . We recall that the noise kernel is given by rescaling a
fixed kernel j, thatis j(x) = 1j(1x). Thus, the support of j. is contained in the interval [—e, ]

and [ xj(x)dx = ey. To prove the convergence in C ! of the limit, we have to show that

i 11 ([ 0= 0008 0)) = o ()l =0

e—0 €
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and

lim |2 ( [ia=nrw —f’(x)> A" (Wlloe = 0.

e—0 €

The first limit can be treated as follows:
L ([ide=ns0@-50) -7 )
1 </j€(t —x)(t — x)f(t)t_fgx) dt) —f' (x)

€

Since f € C'[0, 1}, supyeec.crq [(CGE — £/(x))] — O uniformly. The limit

— ;
i 1 ([ =00) 0179 = 27"
e—0 €
can be treated in the same way using the fact that f € C2. O

In order to apply proposition 2.1 and theorem 2.2 to the stochastic perturbation we note
that the previous proposition ensures that assumption (4) of proposition 2.1 is satisfied. For the
other assumptions we refer to the following remark.

Remark 4.3. Let & be the fixed probability density in C?([0,1]) of £. By lemma 3.1 we
have J(h) = 0. Therefore,

1
/ h'dx = 0.
0

Remark 4.4. By Item (1) of lemma 4.1 it follows that
Var(KcLf) < Var(Lf) and  [|[KeLf || < [ILf ] cx

for k = 1,2. Therefore, L. and L, satisfy uniform Lasota—Yorke inequalities on the spaces BV,
C'([0, 1]) and C%(]0, 1]). This implies that assumption (1) of proposition 2.1 holds®. Moreover,
by the stability result of [28] (see also [18] for an elementary proof of a similar result) for suf-
ficiently small € > 0, assumption (3) of proposition 2.1 holds. Finally, by Item (2) of lemma
4.1 we obtain the approximation assumption (Item (2)) of proposition 2.1.

Thus, by proposition 2.1, the linear response holds:

he—h -
— | =0, 4.3)

lim ||
e—0
where h := (Id — £) "' Lh.

81Let f € CObe a density. Suppose || f||oo < 1 and consider || £f|| . First remark that since L. is positive, f > 0
implies | £:"f|oc < [|£e"1]|0o (1 is the function having constant value 1). Furthermore || £."1]| o is uniformly
bounded by the Lasota—Yorke inequalities. In the general case we can decompose f into positive and negative parts
and apply the same construction to each component.
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4.2. The rigorous computation of the response h

Now we show how to compute the linear response under stochastic perturbations for the class
of systems described in this section.

Assume we are given a family of C? functions’ &, such that ||, — hl|cr — 0 asp — 0. In
particular, this would imply

/ /
Ay =B loc =0 as 5 —0.
We can then apply theorem 2.2 with f;, := ~/;, to obtain:

Corollary 4.5. Assume hy is a C? family of functions such that ||h, — h||cc — 0 as 7 — 0.
Then, given T > 0, 3 I* € N and n > 0 such that

Ir—1

=~ L8l < 7
k=0

where h% is the derivative of hy, v is as in equation (4.2) and L, is the operator defined in (3.4).

Proof. Since £f := y(Lf)' (see equation (4.2)), the proof is a direct application of theorem
2.2 with f,; = ~vh;, . Assumption (1) of theorem 2.2 follows by ||, — hl[c1 — 0 as 7 — 0. Re-
call that the remaining assumptions (2), (3) of theorem 2.2 are established in remark 3.5. []

To estimate the rigorous error we have to find suitable /* and 7. We follow remark 2.3. If
we denote by /i, the approximation of the linear response we have that:

lh = happrlloo
-1 r—1 rr—1
I CLnl 4| 2 Ly = 2 Lafalle 11D £y = L) e
i=I*
To estimate || l.zolf LLh|| s we use the uniform contraction, whose coefficients can be esti-

mated using the method in appendix B.7; we can find C}, k and p such that
1L [l < CupllH'ller < Crpllhllce:
therefore, if I =k - h

h
i 14
IS L oo < Ci M- kmﬂhﬂcz,

and ||| c2 can be bounded from the coefficients of the C* Lasota—Yorke inequality in proposi-
tion 3.2; this permits us to find /*. The second summand may be estimated by

"—1 r—1 I"—1k—1

1y ity -~ Zﬁnfnlloo ML= Lollerse DY L Tl
i=0

k=0 j=0
where we numerically estimate || £} f, || 1. The third summand is estimated by:

" —1
I Ly = L)oo < M-~ - I |[H = 1) ||

% Note that &, is not the fixed point of the discretization £,, defined earlier in the section. In the example of this
section we obtain the sequence h,, through the discretization defined in the appendix B.4.
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4.3. An example of linear response under a stochastic perturbation

In this example we study a circle expanding map 7 and the behavior of the density when, at
each iteration step, we add a noise, as explained in Subsection 4.1. We consider T : S I, gl

1
T(x) = 8x + 0.0025(sin(167x) + I sin(327x)) mod 1;

the operator £, associated to T, satisfies the following inequalities:
Var(Lf) < 0.127 - Var(f) +O.2\|f||1;
1L oo S M =12,Vn >
1£4 e < 1.2 0-127k|‘f||cl + 14| f ]l oo
1£5 lle> < 120017 || 2 + 3.8 llc-

Let / be the fixed point of £ in C2. Following Subsection 4.1 we have that £ : C2 — C' is
given by

<
<

Lh = ~h
and, by proposition 2.1, the linear response is given by

+oo
h=(1d—Lo)™'Lh="Y L'Lh.
i=0
To compute the linear response we need to compute an approximation f;, to yA’; to do so we
use the discretization in appendix B.4. Let us choose [* = 18 and 1 = 524 288 both for the
approximation of the density in C' and the computation of the linear response; we approxi-
mate the linear response by

Pappr = Z Lnfy-

In figure 1 a plot of the approximations of the invariant density and of the linear response
of the map under stochastic perturbation are presented. We are going to estimate the error
using the algorithm developed in the present paper (refer to theorem 2.2 and the subsequent
discussion):

IIh—haperoo
r—1 r—1 r—1

||Z££h||oo +] Zﬁ’fn Zﬁnfnuoo +| Zﬁ’ — Lh)|oo-

i=l*

In the following subsections we are going to estimate the different summands separately.

Remark 4.6. To do our validated numerics we used SAGE [43] and the validated numerics
packages shipped with it (the interval package is binding to MPFI [39]), running either on lo-
cal computers or on a cloud based version called Cocalc (https://cocalc.com/).

The discretized operators are computed using a rigorous interval Newton method [44],
while the estimates for the norm of the discretized operators are done using Scipy [26], with
rigorous error bounds on the error made by matrix-vector products, obtained through the im-
plementation of the rigorous matrix-vector product of [42].
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(@) (b)

Figure 1. The computed approximations of the response in the stochastic case, and a
plot of an approximation of the invariant density for the non-perturbed map. (a) A plot
of of the invariant density. (b) The computed linear response.

The experiment can be done on SageMathCloud following the SAGE worksheets contained
in the software archive (supplementary material for this article is available online (stacks.iop.
org/Non/31/1073/mmedia)):

e stochastic_estimate_tail.sagews bounds the size of the tail | 325 £7Lh| oo

e stochastic_C_I_part.sagews approximates the invariant density in the C' norm, to
approximate Lh;

e stochastic_final_estimate.sagews estimates the error on the linear response and computes

the approximation.

The software package contains a subset of the project compinvmeas-python, a software
package designed to approximate invariant measures and associated objects. There is a git
repository for the full project whose access is by invitation: please send us an email so we can
grant you access.

Part of the computation was done taking advantage of parallelization; to do so, some
delicate memory issues arose [36].

4.4. Estimating || Y152 £'Lhl|

i=I~
Let 7 = 1/262 144 and let L,; be the discretized operator; we have
1€ 1o lloo < 9.39- 107 (4.4)

where V2 = {f € C', [ f = 0} is the set zero average densities, and for all f € C', by the
approximation lemma B.13:

1L = Loflloo < 6.01- 1077 f]lcr 4 0.0021| f]| oo

We can bound the speed of convergence to equilibrium and the associated constants using the
technique and the notation explained in appendix B.7, with n; = 9 . For any g in V0, we have
that, denoting by g; = L7g;_1:

(||gi+1||cl>_<(1.0006~10_8 1.44>(||g,.||c.>
lgisilloe) = \ 601-1077  0.0022) \|gilloc )’
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which gives us the following estimates

1£%F]| 0o < 1.00025(0.0024) (1 fllc,  11£%F|loo < 4132.2(0.0024) | f]lc,-

Therefore,

1> LLh||o < 0.000377.
=18

Remark 4.7. Note that in this Subsection the partition size is coarser than the ones used in
Subsection 4.5 and 4.6; the reason is that estimating (4.4) is the most computationally expen-
sive part of our algorithm.

Let m = 1/n, the space of zero average measures of a partition of size n has dimension
m — 1; the way we compute (4.4) rigorously is to choose a basis of the space of average zero
measures and explicitly multiply a sparse matrix with each element of this basis, which im-
plies that the computation time scales asymptotically as m? (see [20, section 8.3] for a com-
plete treatment in the L' case). Therefore, to speed up computations, it is worth computing
(4.4) on a coarser partition and get information on £ by using [21].

Since the first submission of the article we developed more efficient tecniques to estimate
these bounds, using what we call ‘coarse-fine’ estimates [19]. Since the article presenting
these results is still a work in progress, we decided not to use them to do the computations in
the present article, therefore the execution time of the examples is long but does not represent
the state of the art of our theory.

4.5. Estimating | Y/ £1f, — St 3" L0 f 1
Let n = 1/524 288, we have that

N Ll N lILRf e

0 272 3 335-1077
1 00007 4 107-107%
2 144-107° 5 48-107°

We observe now that
L4 ler < 1.50002 - 0.2614(| [ r + 142 f]] s
which permits us to bound ||£],‘7 |1, and obtain that, for 6 < N < 17:
LN foller < 8.67-107°

Therefore

17 17
1Y L% = Lifyllse < 0.00187.
i=0 i=0

4.6. Estimating || S1_g" £/(f, — £h)]|so

Let n = 1/524288, we computed using the discretization in appendices B.4 and B.5 an
approximation A, of / such that
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Ih = hyllcr < 0.00022.
Therefore we have an approximation f;, to Lh =~k such that
1y = h'[|oe < 0.000227.

Therefore

17
1D L (fy = Lh)]|oo < 0.0047.
i=0

4.7 The error on the computed response
Therefore, the error on the response is

17— happeloo < 7(0.00037 4 0.0018 + 0.0047) < 0.0069~.

5. Linear response for deterministic perturbations

We now consider deterministic perturbations of a C* expanding circle map'® Ty. Let
Te(x) = To(x) + €S(x) + o3 (€);

where S(x) € C3(T) and o (€) is a term whose C* norm goes to 0 faster than € as € goes to 0.
Under these assumptions (see for instance [5, 9, 23]), the operator

FF(x) = —Lo (f TOS) (x) — Lo (f ;;) () + Lo ( Fos (;2)2) *)

lim le "L — L) f — Lf|e =0Vf € C°,
€E—>

satisfies

where L. is the Perron-Frobenius operator associated to 7.

Remark 5.1.  If we suppose that the perturbation is small in the C*> norm: ||To — Tc||c2 < Ke
it follows that £, and L, satisfy a uniform Lasota—Yorke inequality. This implies that assump-
tion (1) of proposition 2.1 holds. Moreover, by [18], appendix A, assumption (2) and (3) of
proposition 2.1 also hold. Hence proposition 2.1 holds and we have the linear response for
these perturbations.

he —h

lim || — hlse =0,
e—0

where i := (Id — £)~'Lh.

10 After posting the first version of our work on Arxiv, which did not include an example of a deterministic perturba-
tion, Pollicott and Vytnova [37] studied the problem of approximating linear response of given observables for
deterministic perturbations. Their approach, which is based on the periodic point structure of the system, requires
the maps to be analytic and the observables to have a certain structure. Here we show that our approach also works
for deterministic perturbations, it requires only little regularity and no information on the observable.
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5.1 An example of linear response under a deterministic perturbation

In this example we study a family Tk, € € [0, 1) of C*-small deterministic perturbations. We
consider the family 7:

1
Te(x) =2x+ %(008(47&'}6) + I cos(87mx)) mod 1.

For € = 0 the dynamics is given by the map
To(x) = 2x mod 1;

whose invariant density % is constant and equals to 1. The operator Ly, associated to Ty, satis-
fies the following inequalities:

k
Var(£lf) < (;) Var(f)
M= HLOHOO <1
1 k
14l < (5) 171er + 11

Note that the family satisfies the assumptions discussed in remark 5.1. Hence the linear
response formula can be applied. Following [23], the operator £ : C?> — C! is given by

Lh= Ly T sin(4mx) + = sin(87x) | = T sin(2mx) + X sin(4mx)  (5.1)
8 16 8 16
and, by proposition 2.1, the linear response is given by
~ A +m LA
h=(1d—Lo)™'Lh =" LyLh.
i=0

The simple structure of the example also allow to compute the response exactly.

Remark 5.2. From direct computations we have that for all ¢ € L!

#(3) + 0 + 1)

Log(x) = >

Therefore, Ly sin(2mx) = 0, Lo sin(4rx) = sin(27x) and

“+o00
h=> LiLh=Lh+ LoLh= 1 (37 sin(27x) + 7 sin(4mx)) .
g 16

We now approximate the linear response and estimate the error using the algorithm devel-
oped in the present paper (refer to theorem 2.2 and the subsequent discussion). We will com-
pute its linear response using the discretized operator and the general estimates introduced in
section 4. Let us set the discretization parameter n = 1/4194 304. We have:

N 3w
< .
£k < Tg:
A 3r  w?
<=+ .
12kl < 32+ 2
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Figure 2. The plot of fzappr Z o Lnfy-

As Lh is explicit (see equation (5.1)) in the algorithm we use its discretization f,, = Hnﬁh.
Let us choose I* = 57 and approximate & by

R 56
Pappr = Z Lfy-

i=0

In figure 2 we have a plot of the approximated linear response izappr.
Now we apply the general procedure for the estimation of the error. As in the previous
section, we have to estimate three summands:

IIh—haperoo
I*—1 -1 I*—1

||Zc£h||oo +] Zﬁ’fn Zﬁnfnnoo +| Zﬂ — £h)]|oo.-

i=l*

In the following we are going to estimate the different summands separately.

Remark 5.3. The experiment can be done on SageMathCloud following the SAGE
worksheets contained in the software archive:

o deterministic_estimate_tail.sagews bounds the size of the tail | ;25 £1Lh| oo

o deterministic_final_estimate.sagews estimates the error on the linear response and

computes the approximation.

5.2. Estimating || 355 LILA|

Let us consider a coarse discretization n = 1/131 072 (see remark 4.7) let £,, be its discretized
operator. We have by direct computation

123 [veloe < 0.00076

where V2) = {f € C!, [ f = 0} is the set zero average densities. For all f € C!, by lemma
B.13:

IL2f = L£f|lso < 0.000 144]| f]|cr + 0.0079]| f]]oo-

We can bound the speed of convergence to equilibrium and the associated constants using the
technique and the notation explained in appendix B.7, with n; = 19 . For any g in V0, we have
that, denoting by g; = £%g;_1:
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lgisiller) _ (1.91-107° 1 lgill e
Igisillee) ~ \ 0.000144  0.0079) \[lgilloc)
This gives the following estimates for all f € V

2%l 0o < 1.01(0.0171)%[ £ ¢,

L%l < 120.1(0.0171)| flc,
Therefore,

1> £2h] 0 < 0.00055.
=57

5.3. Estimating | Y1 £'f, — Y1 £ flloo
Let n = 1/4194 304, we have that

N Ll N IL5 e
0 792 2 642-107°

1 2047 3 324.107'0.
‘We observe now that

1L ller < 1.6 0.764 | fllcr + 11 f e

which permits us to bound || £% || 1, and obtain that, for 4 < N < 56

1L foller <3.31-1071°
Therefore,

56 56
1Y L%y = Lifylloe < 0.0019
i=0 i=0

5.4. Estimating | 15" £/(f, — £h)|s
Let n = 1/4194 304, we have that

R . A 5 1 2

— = - o <= <296-1075.
o = Lhlloc = Ty (£h) = Lhlle < 3 75575073
Therefore,

56
1Y L (fy = L)oo < 0.00017.
i=0

5.5. The error on the computed response

Therefore,

17— happr|| oo < 0.00055 +0.0019 4 0.000 17 < 0.0026.
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Remark 5.4. We expect our approximation scheme to be more efficient than the rigor-
ous bounds. Since we computed £ explicitly in remark 5.2, we compare our approximation
directly with the explicit linear response obtaining:

A X N 15.5
—13
happe = Tyhllco < 3421077, [[Tyh — hlleo < Jrgnor

This shows the efficiency of our approximation scheme.

Appendix A. The response of the intermittent family at the boundary

In this appendix we approximate the linear response for a family of maps that does not satisfy
the assumptions of proposition 2.1. Let T, : [0, 1] — [0, 1] be the family of maps defined by

- {x(l+2°‘xo‘) 0<x<1/)2

Te@ =101 1p2<x<t, (A

where « € [0, 00). This family was initially popularized in [32] as a version of the Pomeau—
Manneville family [38]. When « € (0, o), this family of maps of the interval [0, 1] has an
indifferent fixed point at the origin, and when « € (0, 1) it has a unique absolutely continu-
ous invariant probability measure and it exhibits only polynomial decay of correlations [24]
with respect to Holder observables. When a = 0, it is the doubling map, which is uniformly
expanding, it preserves Lebesgue measure and it exhibits exponential decay of correlations. In
general for a € [0, 00), the transfer operator associated with T, has a unique (up to multiplica-
tion by a constant) fixed point A,

As we have mentioned at the beginning of this appendix, for the family of maps defined
in (A.1) the assumptions of proposition 2.1 cannot be verified. However, in a recent paper
Baladi and Todd [11] have proved linear response for the above family, when « € [0, 1), using
techniques different from those of proposition 2.1. In particular, the linear response formula at
a = 0 in proposition A.1 below was derived in equation (2.22) of [11].

Proposition A.1. Let T, be as in (A.1) with o € [0, 1).
(1) Fora € (0,1), ¢ > ﬁandw e L1

lim / wh‘““d"; J hadx / wiladx‘ =0, (A.2)

e—0

where ho = —(1d — L) " [(XaNaha )] with Xo = 2%gy " (x) (2800 (X)), Ny =
80,0 (V)P(80.0(x). 80.0(x) = T50(x) and Too = Taljg o
(2) The result also holds for o = 0 by taking the limit as € | 0. The formula of h := hy is
given by
h=(1d — L)~ Lhy, (A3)
where
Lhy = —1/4 —In(x)/4 and hy = 1. (A4)

We now show how to approximate the linear response formula of Baladi and Todd [11]
which we stated in proposition A.1 above. We follow a procedure similar to the one of theorem
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2.2 and remark 2.3. We first note that the invariant density of T,, o € (0, 1), is unbounded.
Thus, we approximate the linear response, at o = 0, only in L. Consequently, the discretiza-
tion scheme does not need to be smooth. In particular, the well known Ulam approximation
scheme can be used in this case.

We now start the procedure of approximating / rigorously in L' ([0, 1]). In this specific case,
it is possible to find some explicit bounds that allow us to approximate the linear response.
Note that approximating / in L' ([0, 1]) will directly provide an approximation of il Yhdx, for
any 1) € L. Note that for Ty(x) = 2x mod 1; the transfer operator on L' ([0, 1]) associated to
this dynamical system has the explicit form
Loptey = L1621
and the density of the absolutely continuous invariant measure is iy = 1; those are important
ingredients in our estimates.

Remark A.2. The experiment can be done can be done on Cocalc following the SAGE
worksheets contained in the software archive: Isv_at_boundary.sagews estimates the error on
the linear response and computes the approximation.

Definition A.3. Let {/;}/~, be a uniform partition of [0, 1] consisting of intervals of size
1 = 1/n, denote by m the Lebesgue measure. Let m,, be the finite rank operator defined on
L'([0, 1]) as follows:

n—1 dm
ST CE) SELAVE]

i=0

where . is the characteristic function of /;. The Ulam approximation of £y of mesh size 7 is
Loy = myLmy.
We summarize in the next lemma some properties of 7,, Lo and Ly, used in this appendix;
we refer to [4, 20] and references therein for proofs of these results.

LemmaA.4. Let Ty(x) = 2x mod 1, let Ly be the associated transfer operator, and let Lo,
be the Ulam approximation of size 1. Then

llg — mngll < - Var(g)
Lol <1 Loyl <1

1 1
Var(Log) < 5 Var(g)  Var(Lopg) < 5 Var(g),

forall g € BV([0,1]).

We now approximate h, which was defined in equations (A.3) and (A.4), with a rigorous
error bound in L'([0, 1]).

Proposition A.5. Let Lo, be the Ulam approximation of Lo with mesh size n. Let ) = 272,
S = myLho and happ: = Zgo Ly fy. Then,

|| appr — Rl < 0.00021.
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Proof. To obtain the rigorous bound for ||fz.¢,lDpr — hl|z1, note that

appr — hll s = ||Z£' wfn — (1d = Lo) ™" Lho|

<l Zﬁo fo—=Lho)|lps + | Zﬁafn Z‘COnanL‘ + |l ZﬁoﬁhOHL'-

i=0 i=20

We will now give an explicit estimate for || £& Lho||. By induction we have
k-1 .
. 11 ([ (o +)) n(x)
csemi < 1( =3 -3 (S - ) )+ g

Note that if x € [0, 1], we have that:

2¢ 1

=< [T+ <24

J=1

we can use Stirling’s Formula for n!, [40]:

1 1 1 1
1 2 =1 — — < In(n!) <1 2 =1 — —
8(V27) + (n-+ 3) () = 0+ o < In(al) < In(V27) + (1 -+ 5) () =+ oo
Thus:
k
([T (x4 In(v27r)  In(2* 1
14 (IL= (x+) _ (2] < n(v2m)  In(2Y) ’
7k 7k k+1 2212
which in turn implies that
A In(2%) 1
k /Ay
Therefore,
— 20+ 11n(2) 1
”ZLO‘UIO”L‘ W( +1n(v2m)) + 220+1 9 +9.24o+2’ (A.5)
=20

and consequently,

1> L6Lhollp < 44-107°.
i=20

We estimate || f;, — Lho||: explicitly:

JACE f°ln Pl =22,
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for each interval [in, (i + 1)n],i € 1,...,1/n — 1 we have that

(i+1)n 1 Ut+Dn
/ ()~ / In(€)dé]dr < n(ln(in) — n((i + 1)n)).

i i
Therefore:

1f = Lhollr < o~ —

Since || Lo|p1 = 1 we have

|
IIZE‘ — Lho)lls < (2”6—7”;(”)> (A6)

= 2720 therefore using (A.6) we have:

Fixn =
[ Z LE(fr — Lho)|| < 6.9-107°

We bound now || /2 Lify — 3212, L{,, foll1 We make and  a priori’ estimate, using the
fact that 7 = 1/n and In(x) is decreasing:

Iy Lhodx = fi, 1y, Lhodd] —In(n) = (n — 1) In((n — 1)n)
n 4

Var(f,,) =

From lemma A .4
3
1(£0 = Log)fllis < S Var(F),

and

19 ) 19 ) 19 j 317
DICTESILHATE IS (4) vartry
i=0 i=0 j=0 i=0

3 220 1

Using (A.7), since for n = 272° Var(f,) < 3.72, we have the following bound:
19 19
1Y " Lify = Lo fall < 0.000203.
i=0 i=0

Summing up the errors we obtain:

|| appr — Rl < 0.00021. 0

In figure A1, we depict the graph of the computed approximation of the linear response.
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0.2 0.4 0.8 1

Figure A1. The plot of fzappr = Z}io Lofy.

Appendix B. Some estimates and technical lemmas

Throughout appendices B.1-B.5 we use the following setup. T : T — T is a C° uniformly
expanding circle map; i.e. inf,er |[D,T| > 1. Without loss of generality we assume that 7 is
orientation preserving. The circle map 7 it is naturally associated with an expanding inter-
val map, which we also denote by 7, T : [0, 1] — [0, 1]. Throughout the presentation, we use
the interval map representation 7 : [0, 1] — [0, 1]. Recall that £ denotes the transfer operator
associated with T (see (3.1)). In addition, the following constants will be used extensively
throughout appendices B.1-B.5. We set

B
A:=1/inf |[D,T|; B:=|T"/(T)|; M:=1+4 —}
/;gTI | 17" /(T")7|] 1

1 " 3 || T )P
2= (|l 5l L)
L=\ (13, " 1=X|(1)*]|,
and
\BM B \’
D:max{31)\,3M(1>\) +MZ} + M\ + M.

Finally, we denote the kth iterate of T by Gy; i.e. for k > 1 we write Gy, := T*.

B.1. Useful estimates

The following lemma provides bounds on the distortion for iterates of 7. These bounds will be
used in the proofs of the Lasota—Yorke inequalities in appendix B.2.

Lemma B.1. Foranyk > 1, we have
Gy B

< ;

Gl S T

s

and H Gy

N
N

o0 o0

Proof. Write Gi(x) = T(Gy—1(x)). Then
T'(Gi1(%)) Gy (),

Gylx) =
G{(x) = T"(Gi 1 (0)(Ghy (1) + T/ (G (9) Gy ()
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Using these two expressions we have

Gy (%) " (Gi-1(x)) 1 Gi_1 (%)

(Gi(x))* (T(Ge1(x)))*  T'(Gi—1(x)) (Gry ()
which implies the first inequality. We now compute

G{'(x) = T" (Gt (1)) (Gi— 1 (%)’ + 3T (Gi1 (%) Gy (1) G4 ()
+T'(Gi1 ()G (x).

Using this last expression and the computations above we have:

GU&) _ T"Ga() 1 T(Gei) GW
G~ TG TG @) (T(Gir () (G ()
R B /1)

(T"(Gi1(x)))* (G (x))*

which implies the second inequality of the lemma. O

B.2. Lasota—Yorke inequalities

In this subsection we prove Lasota—Yorke inequalities when £ acts on C!([0,1]) and on
C2([0, 1]). The following proposition is a well known result. See for instance [31] lemma 1.2
for a similar statement.

Proposition B.2. Let Var(-) denote the one dimensional variation on [0, 1]. Then for any
function of bounded variation f we have

Var(Lf) < AVar(f) + B f|:-

Lemma B.3 (Uniform bound on || £"||c). Forany n > 1 we have
1L < M.

Proof. The operator L is positive. Therefore || £"||oc = sup,¢jo1) £"1. By proposition 2, we
have

n <7
Var(L"1) < —x

and therefore || £L"1||oc < M. O
Proposition B.4. For f € C'([0,1]) and any n > 1 we have

1L ler < M- A" fller + M2|| fll oo
In particular, there exists an iterate G := T" of T such that

I£cfller < Ol fller + M| fllocs

where 0 < \N'"M < 1.
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Proof. For x € (0,1) we have

a2, @

seorim G0
By lemmas B.3, B.1 and (B.1)

(/Jf

)

_ ')
a ye;(x) (G'y)?

G//
En oo )\n l:n / oo
I e < 21T+ |

£ lloo <
o0

Therefore, by (B.2) and lemma B.3, we have
1L Fller = 11£"F oo + [[(£7F) oo
< M| flso +MN'||f||oo +

<SMN'|fller + M2 fl o

Proposition B.5. For f € C', we have
(L) loc < (M +B)A[|f'[|oo + B(B + 1

Proof. <
1£f[loo < Var(Lf) + [|Lf|r < AVar(f)

S A Mloo +

From proposition B.2 and the fact that || f]| «

By (B.2) and the above estimate we have

1(£f) lloe < MAISflloo + Bl Lflloe < (M + B)A[Lf[loc +

Proposition B.6. For f € C*([0,1]) and any n >

1Lz < MON2Y"[If ez + Dl fller-

In particular;, there exists an iterate G := T* of T such that

—f)

MX'||f!

+ (B +
(B +

G"(y)
(Gy)?* ¢

(B.1)

—
~

lloo (B.2)

BM
+ ﬁ”f”(xw

BM
Sl

Az

Sz + Var(f) we have

DIl
DIl

BB+ 1[Iz

1 we have

1£efllc2 < Allfllc2 + Dl fllez
where A < A*M < 1.
Proof. We denote G := T". For x € (0, 1) we have
nEV () = () Y G"(y)
@' = 2 @y Y ey
ey G0) (G"()?
t 2 TGy Y G
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Therefore,

B
2 o < XL e + 33 2 ()
B \2 (B.3)
3(125) e+ 21l
In particular

N'BM

n B 2
1CL) oo < MNP f" || + max{3 T /\,3M<) +MZ}H Sl

1-A

Thus, by proposition B.4, we get
1€ llex = I£7F ler + L") oo
<M fle2

"BM B\’
+ <max{3/l\_)\,3M<l _A) +MZ} +MX'(1 - \") +M2>||f||cl-

B.3. Uniform Lasota—Yorke inequality for L,

In this subsection we prove uniform Lasota—Yorke inequalities for the discretized operator
defined £,, = II,, LIL,, that was defined in Subsection 3.2.

Proposition B.7. Let 0 < 1 < 19. Suppose that'!

3
O := (2 +6n0>(M+B))\ <1

For any f € C'([0,1]), and any n > 1, we have

n n B(B+1
||£nf||c1 <3+ 12770)<® lfller + i—(B)Hfl) 1A
and
n . BB+1) 1
1£5ller < (3 + 120) <@ L2BED 3)_

Proof. We start by bounding, using the inequality proved in proposition B.5
(LI ) oo < (M + B)A(ILy ) lloo + B(B + 1)[[IL, £l

3
< <2 +6n) (M + B/ oo + BB+ DI

"If © > 1; i.e. the expansion of T is not big enough, we use an iterate T := G of T as in proposition B.4, with an
expansion factor that guarantees the corresponding © to be strictly smaller than 1. Note that, since £ has a spectral
gap on C', i = 1,2, its iterate L will also have a spectral gap on C', i = 1, 2. In particular, 1 will still be a simple
eigenvalue of Lgon C', i = 1,2.
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Since || (L1L,)"f|li = || f

1, we have that

/ n / B B 1

(L) e < 1 e+ 28 g

Therefore,
’ 3 ni ot B(B+1

Iyl < (3 + 61) (€1 + 5 110 )
Since

I lle < 170+ Var() < 171+ 1l
we have

) B(B+1
I€3len < G-+ 120 (€17 e + X1 ) + 11

B.4. Approximating the invariant density in the C' norm

In this subsection we provide a discretization scheme of the transfer operator £ in order to
approximate the invariant density of 7'in the C' norm.

B.4.1. An approximation of L as an operator from C> — C'. Let
14100 + 15x* + 6x°  x € [-1,0]
p(x) =< 1—10° +15x* —6x°  x€[0,1]
0 otherwise
and
x—6x —8x* —3x° xe€[-1,0]
vx) =< x—6x+8x*—-3x x€0,1]
0 otherwise
Let meN and n=1/m. For i=0,...,m, let a;=i/m, ¢ix)=ad(m x—1i),

vi(x) =v(m-x—i)/m. Let §; = 1 if i = j and §; = 0 if i # j. The following relations hold
for all i and j:

¢ila) =65, ¢i(a;) =0, ¢ (a;) =0,
=0, vi(a)=7d; v(a)=0.
Moreover, Y i, ¢i(x) = 1; i.e. {¢}", forms a partition of unity. Further, for x € [a;, a;11]
we have

5
i)+ i ()] < gems @]+ i @ < 1

Furthermore, fol vi(x) =0foralli=1,...,m — 1 In addition we have,

15m _10V3m?
3 b

3 ||¢i Hoo = (B.4)

¢l =1, ll¢illoe =
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16 oo iy 8m
lloe = gr— IWilloe = 1o 11" lloe = 555 (28 + 19V19) < 4m. (B.5)
Let
K(x) = 6x(1 — x).
Note that fol k(x)dx = 1. Let
plx) = Zf(ai)¢i(x) +f'(ai)vi(x). (B.6)
i=0

We define the operator

(L)) = p(x) + ( / ar - / 1pdx)n<x>.

For f € C*([0,1]), we prove in lemma B.10 estimates on the C', i = 0, 1,2, norms of ﬁnf We
first start with two preliminary lemmas.

Lemma B.8. Let f € C*([0,1]), and let p be as in (B.6).

(1) [1pllso < [fllso + 32/81]|.f[locm,
2P |0 < 23/8]1f" [l o0
(3) 1p"lloo < 4" [loc-

Proof. In this proof, we will denote by p;(x) := p(x)|4.q,,,]- By construction we have
pi(x) = f(ai)i(x) +f(@i1) G (x) + £ (@) vi(x) + £ (@i1) Vi1 (2).

(1) follows by observing that:
| Pi(0)] < [ £llooli(x) + di ()| + 1L lloo ([1i() ] + |31 ()]).

The proof of (2) relies on the fact that (¢;(x) + ¢i11(x))" = 0, since the ¢;’s form a partition
of the unity:
[P0 < [f(ais1) = fla)lldi(x)] + [1f Nl
15 f a; —f a;
n
We now prove (3). For x € [a;, a;11] let

flai+1) —f(a;)

. (x—ai), qi(x) = pi(x) = Li(x);

li(x) := flai) +

we have p!'(x) = ¢/ (x), where ¢;(a;) = gi(ai+1) = 0. By unicity of polynomial representa-
tion, we have

q'(ai)vi(x) + ¢'(aiv1)viei (%),

<

—
=

=
I
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and
14" ()] < %(\q%aim +1g/ (@ ).

In the last inequality we have used the fact that |/’ (x)| < 4/n. Moreover,

flai+1) —f(a; fson

@) = 17 ta) ~ DO ) - e -yl < L

which proves (3). l
The following lemma provides bounds on the distance, in C,i=0,1,2, between fand p.

Lemma B.9. Let f € C*([0,1]), and let p be as in (B.6).

(D |If = plloe < 15[ In/8,

) Nf = plloo <3N (177/2,

(3) ||f’1—P’Hoo < 3([ £,

4)] fol(f—P)dXI < 15 f"m/8,

(S)| Jo (f = p)dx| < 3] f"[[n*/2.

Proof. Letx € [a;,a; + 1], we have pi(a;) = f(a;), p’(a;) = f'(a;). We first prove (1). There
exist £, ¢ € [a;,a;41] such that:
1f(x) = @) =1(f(€) =P () x = a)| <1 oo = [P lloc -

Thus, (1) follows from (2) of lemma B.8. We now prove (2). There exist &, s € [a;, a;+1] such
that:

170~ Pl = 17(©) — o) T < W e — Pl

Thus, (2) follows from (3) of lemma B.8. We now prove (3); there exist £,< € [a;, a;11] such
that:

/() = p' @)1 = 1(£7(€) = P ())& = ai)| < 1" lloe = Il 2" [loc|n-

Thus, (3) follows from (3) of lemma B.8. Items (4) and (5) follow trivially from item (1)
and (2). O

We now obtain estimates on the C', i = 0, 1,2 norms of Ifnf . First we need some nota-
tion that will be used in the remaining lemmas of this subsection. Fix 19 > 0 and define the

following constants

23 32 32 9
A=+ g Ayi=44 =+ 1808 Az = - 409,
1 3 +81770, 2 +8177+ 8155 3 4+9

Lemma B.10. Let f € C*([0,1]), then

(D 1y flloe < 1fllso +32/811f[loo + 451 £'[|n/ 16,
(2) |y flloo < [lflloo +32/8111F" llsem + OILF"In? /4,
(3) Ny f) Moo < 23/81f o + 45111 In/4,
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(4 I @Lof)'lloo < 23/8]Lf lloo + 91”1,
()N ATf) " oo < 4L lloo + 18[LF"[Im.

Moreover, for all n < 1y we have

I, flle: < A2l flless Ty fller < Aillfller + As? | fll -
Proof. By definition
1
ML, =)+ [ (=) w()

We have ||£]lco = 3/2, ||k ||oo = 6, ||&”||oo = 12. Consequently, all the items in the lemma
follow from lemma B.8 and items (4) and (5) of lemma B.9.

Finally, we have:

- 32 32
Ly fllce < 4l e + gyl f oo + 18"l < (4 + 3"t 187%) | fll ez

~ 23 32 9
Irle < (3 4+ 320) sl + (5 +9) Il

which completes the proof of the lemma. [l

B.5. Uniform Lasota—Yorke inequality for L,
We define now the discretized operator
L, = 11,L1L,.
In this subsection we prove uniform Lasota—Yorke inequalities for the discretized operator En.

Proposition B.11. Let 0 < 1 < ng. Suppose that

23 45
6 1= (M+BAG +2m) < 1.
For any n > 1 we have
B(B+1)

|(LIL,)"|er < 20" + +1:=K

1-0

and
= 23 45 B(B+1) 4 -
n < L T )
”‘CnHC‘ \2( 3 + 1 770)(@+ ) + 23) =M.

Proof. The proof is identical to the proof of proposition B.7, using the fact that
(T, f) [loo < (2 + £1)|f'|| 0> which was proved in lemma B.10. O
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Lemma B.12. Ler 0 < 1 < no. Suppose that
O :=Ar - MN + A} < 1.

For f € C*([0,1]) and any n > 1 we have

AzDAlM

1L/ llcz < 420" fll ez + ==~ Il

where M :=2(%Z + £1,) <@ + Bﬁg) + 243)
Proof. We bound

1£T1, fllc2 < M|, fllc2 + DITL, flle:

<
< (A2 MN + Asm) | flle + D - Adl| fller-

Then

(£, e < Ol + > 'j‘gnfna,
and

127l < A20" (|l + AzD éM|f||cl

B.6. Some approximation inequalities

In this section we show how to control the error made in iterating the discretized transfer
operator instead of the transfer operator, under the assumption that the dynamics satisfies a
Lasota—Yorke inequality.

Lemma B.13. Suppose there are two norms || ||s = || |lw, such that ¥f € Bs,Vn > 1
1£°71ls < AN 1ls + B fllw- (B.7)

Let s be a finite rank operator satisfying:

© L = msLmy with||maf —fllw < 3|
o w5, L' and L are bounded for the norm || ||,y : ||7slw <
I1£51vllw < Ciy i =0,...,N.

" <M,

Then

1" = £ fllw < K6 ZAA’fflCnfk(A)q +PM)| fls

k=1

+ K(SZ Cu—i (AN + PM + M)B|| f |-
k=1
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Proof. We have
I(£ = Ls) fllw < NlmsLmsf — msLf lhw + 76 £ — L ||

Since

nsLrsf — ws Lf = msL(msf —f),

and ||7sf — fllw < KO||f]|s» we have
75 L(maf = F)llw < PM|[7af = fllw < PMKO]|f]]s-

On the other hand
75 £f — Lf|lw < K| Lf[ls < KS(AM | flls + Bl fllw)

which gives

(£ = Ls)fllw < KO(AN + PM)||f|s + KB f ||\ (B.3)

Now let us consider (£} — L") f. We have

n

1025 = £ fllw < D ILE (L5 = L)Ll < Y- Caall(L5 = L)L ]l
k=1

k=1

< K(SZ Coi(AN1 + PM)”‘Ck_]f”s + Cnka”‘Ck_lf”w
k=1

<K§Y cn_k(ml + PMYAN I, + BIfIL) + BM||f||w>-
k=1

We will now collect the terms in front of || f1|:

K6 AN Co k(AN + PM)| s,
k=1

and the terms in front of || f1],:

K5 Co k(AN + PM + M)B| ]|,
k=1 N
In the case where fis a fixed point of £ we have the following estimate:

Lemma B.14. Suppose there are two norms || || = || ||w, such that ¥f € B;,¥n > 1
L7 \ls < AT fls + BI|f]w- (B.9)

Let 7s be a finite rank operator satisfying:

o L5 = msLoms with ||wsf —flw < K| f]ls '
o 75, L' and L are bounded for the norm || ||,y : ||75]lw < P and ¥i > 0, ||L'|],, < M.
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Then if f is a fixed point of L, we have
I1Lf — Laf | < K&(1 + PM)]| f]s.

Proof. The proof is almost identical to the one above:

ILf — Lsfllw < ||Lf — msLf llw + ||ms Lf — w5 Ls f]

ws

since fis fixed point:

1Lf = Lsfllw < NIf = msf llw + w6 £f — w5 Lmaf ||
< KO\ flls + PIILS — Laf [l

< KO fls + PM||f — msf ||
<K

8[| f[ls + PMKS|| f]s.

B.7 A recursive convergence to equilibrium estimation for maps satisfying
a Lasota—Yorke inequality

Here we recall an algorithm introduced in [21] to compute the convergence to equilibrium
of a measure preserving system satisfying a Lasota—Yorke inequality. We will see how, the
Lasota—Yorke inequality together with a suitable approximation of the transfer operator by a
finite dimensional operator can be used to deduce finite time and asymptotic upper bounds on
the contraction of the zero average space.

Consider two vector subspaces of the space of signed measures By C B,, with norms
II'lls = |l llw> suppose that the transfer operator £ is such that Vf € B;,Vn > 1

1L ls < AN f1ls + BI| f1]w- (B.10)
Let 75 be a finite rank operator satisfying:

o L5 = msLrs with |wsf —fllw < K6|f1ls3 |
o 15, L' and gg are bounded for the norm || ||, : ||7s|lw < P and Vi >0, ||£|, < M,
L5 1vollw < Civi = 0,...,N.

Then by lemma B.13 there exist C(d,n), D(d,n) depending only on 6 and n, such that
1(£5 — £")gllw < C(6,n)lglls + D(5, n)l|g]|- (B.11)

Suppose now that there exists an n; such that || L5 |y, || < Cy, < 1; from now on, we will
denote A\, = 6’,“ <1

Let us consider a starting measure: gy € Vy, let us denote giy1 = L™ g;. If the system is as
above, putting together the Lasota—Yorke inequality (B.10) and the approximation inequality
(B.11)

. B.12
1£7 gillw < Aallgillw + C (8, mi)[gills + D8, 1) | gillw ®12)

Writing (B.12) in a vector notation:
||gi+1|s> < AN B > (Ilgi|s>
= B.13
(laete) = (oomy p6.m)+2) (il 19
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where < indicates the component-wise < relation (both coordinates are less or equal). The rela-
tion < can be used because the matrix is positive. The relation (B.13) and the assumptions allow
to estimate explicitly the contraction rate, by approximating the matrix and its iterations. Let

s B
M= (C(é,nl) D, m) + Az) :

Consequently, we can bound ||g;||s and ||g:||,, by a sequence

() < e ()
il ol

which can be computed explicitly. This gives an explicit estimate on the speed of convergence
for the norms || ||and || ||,, at a given time.

We need an asymptotic estimation as the one given in (2.2) and in particular an estimation
for C; and p. This can be done using the eigenvalues and eigenvectors of M.

Indeed, let the leading eigenvalue be denoted by paq and a left positive eigenvector (a, b),
such that a + b = 1. For each pair of values by (a, b) such that a + b = 1. We can define a norm

lgll@ar)y = allglls + Dllgllw-
‘We have

1£8ll @) = allLglls + bl Ll < (a,b) - M- (||§||||S) '

Then

1€ 8ll sy < Phallgl -

By estimating pq and the vector (a, b) we can have upper estimates on C; and p.
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